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Brittle fracture behavior of a perfect open-cell Kelvin foam is considered. The foam is modeled as a spatial
lattice consisting of brittle elastic struts rigidly connected to each other at the nodal points. The fracture
toughness is determined from the analysis of a quasi-plane problem for a slice of the foam with an
embedded ﬁnite length crack generated by broken struts. The crack plane is chosen on the basis of a pre-
vious study of crack nucleation phenomenon, and the crack length, which assures the self-similar K-ﬁeld
in the tip vicinity, is established by numerical experiments. For the considered densities range the crack
includes several hundreds of broken struts and, consequently, the portion of the foam to be considered in
the analysis has a very large number of nodal degrees of freedom. The computational cost is reduced sig-
niﬁcantly by using for the analysis the representative cell method based on the discrete Fourier trans-
form. As a result, the initial problem for the foam slice is reduced to the problem for the repetitive cell
which includes 12 struts.
The dependence of the Mode I and Mode II fracture toughness of the considered bending dominated
foam upon its relative density is determined and found to be different from known results for the stretch
dominated cubic cell lattice. On the other hand, the results obtained for Mode I meet the experimental
data and theoretical predictions for random foams. For the case of struts with hollow cross-section the
analysis predicts linear dependence of the fracture toughness upon cross-section gyration radius.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The increasing use of cellular low-density materials in
engineering practice stimulated experimental and theoretical
studies of their mechanical behavior in recent decades. Their
microstructure is generated by a system of separated (for closed-
cell material) or interconnected (for open-cell material) voids. In
the latter case, the bulk material is concentrated within the struts
connecting the nodal points thus creating a lattice-type structure.
The variety of these structures can be divided into bending-domi-
nated cellular foams and stretch-dominated lattice trusses (Ashby,
2006; Deshpande et al., 2001).
The effective elastic properties of foams and their compressive
strength are well documented. In early theoretical models foam
microstructure was represented by perfectly periodic space-ﬁlling
polyhedral cells: Ko (1965) employed rhombic dodecahedron and
the trapezo-rhombic dodecahedron, and most other authors (e.g.,
Warren and Kraynik (1997), Zhu et al. (1997), Li et al. (2003),
Dementev and Tarakanova (1970) and D’Angelo et al. (2012)) used
tetrakaidecahedron corresponding to the open-cell Kelvin foam.
More accurate and, consequently, more complicated models of real
disordered foams are based on employing random microstructures(e.g., Makiyama et al. (2002), Jang et al. (2010), Mangipudi and
Onck (2011) and Gaitanaros et al. (2012)). Note, that as shown
by Jang and Kyriakides (2009), in many cases the Kelvin foam
based models provide a reasonably good approximation.
Less attention has been directed to the modeling of brittle
fracture of foams caused by a macrocrack propagation. As for the
effective properties, the natural way for such modeling is to start
with periodic microstructures and then to address more realistic
disordered ones. However, contrary to the case of two-dimensional
cellular materials, for which theoretical results for different
microstructures have been obtained (e.g., Fleck and Qiu (2007)),
modeling spatial foam microstructure with embedded crack is a
heavy task even if perfect periodicity is adopted. Therefore the
dependence of the fracture toughness upon the foam relative den-
sity was determined theoretically only for microstructures with
relatively simple geometry. Romijn and Fleck (2007) and Choi
and Sankar (2003, 2005) obtained the results for the case of Mode
I and Mode II cracks in a cubic lattice, Ryvkin (2012) derived an
analytical expression for the case of a Mode III crack in a lattice
with rectangular prismatic cells. Kelvin foam geometry was con-
sidered by Thiyagasundaram et al. (2011) who found the fracture
toughness for a speciﬁc value of the relative density. The main goal
of the present paper is to carry out a parametric study of the
fracture toughness behavior of the open cell Kelvin foam. It would
be of interest to compare the obtained theoretical results with
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fracture toughness of a foam KIC with its relative density q, tensile
strength of solid material rf and strut length l
KIC ¼ rf C
ﬃﬃﬃﬃﬃ
pl
p
q3=2: ð1Þ
Recall that power 3/2 in this formula is obtained from analytical
considerations and the value of coefﬁcient C ¼ 0:65 is established
by ﬁtting the experimental data for rigid polymeric foams. It
should be noted that besides the ability of Kelvin foam to represent
actual disordered ones there is an additional reason to address this
microstructure. Indeed, recent advances in the printed materials
technology allow to produce perfectly periodic brittle ceramics of
arbitrary and, in particular, of a tetrakaidecahedron based geome-
try (Ortona et al., 2012).
The paper is organized as following. In Section 2 the adopted
approach to the fracture toughnesses evaluation is formulated
and in the next Section the problem of a ﬁnite length crack in a lat-
tice produced by the failed struts is presented. The failed struts are
modeled by ﬁctitious forces and in Section 4 the solution of the
auxiliary problem of a unit force system applied to the pristine lat-
tice is given. In Section 5 the crack length required for the fracture
toughness analysis is found, the dependence of the Mode I and
Mode II fracture toughness upon the foam microstructure parame-
ters is established in Section 6. Finally, in the last section some
conclusions are drawn.1 The sample was fabricated from Objet VeroGray and TangoBlackPlus materials
using the CONNEX500 3D Printing System, both of Stratasys Ltd. (Rehovot, Israel).2. Problem statement
The critical value of the stress intensity factor deﬁning the frac-
ture toughness of brittle cellular material is found from the critical
stress state of a strut in the crack tip vicinity. Namely, it is assumed
that the strut fails when its skin stress reaches the tensile strength
of the parent material
rmax ¼ rf : ð2Þ
The corresponding boundary value problem can be formulated
in two ways. The ﬁrst one is to apply at the remote boundary the
displacements corresponding to the K-ﬁeld for a crack in homoge-
neous material possessing the effective elastic properties of the
cellular body (e.g., Fleck and Qiu (2007) and Thiyagasundaram
et al. (2011)). The alternative way is the analysis of a ﬁnite length
crack embedded into cellular material subjected to a uniform
stress at the boundaries (Huang and Gibson, 1991). The importance
of considering a material domain of a sufﬁciently large size in the
framework of this approach in order to determine the fracture
toughness was emphasized by Quintana and Fleck (2007). An
efﬁcient way to meet this requirement is to take advantage of
the material microstructure periodicity through application of
the discrete Fourier transform – based representative cell method
(Ryvkin and Nuller, 1997; Ryvkin, 2008). Theoretically, this method
allows to consider an unbounded inﬁnite material domain, how-
ever, its implementation (Lipperman et al., 2007a) revealed some
numerical problems at the stage of the inverse transform integra-
tion. This difﬁculty is circumvented by considering a sufﬁciently
large ﬁnite domain instead of an inﬁnite one and, consequently,
by using the ﬁnite discrete transform where the inverse transform
formula is a sum instead of an integral. This approach adopted also
in the present study was successfully applied for the analysis of the
local effects in continuous (Ryvkin and Aboudi, 2008; Ryvkin and
Aboudi, 2011) and discrete (Kucherov and Ryvkin, 2012) periodic
elastic systems.
Consider an open-cell Kelvin foam modeled by a beam lattice
consisting of straight-linear struts of length l rigidly connected toeach other at the nodal points. A model of this foam produced by
3D printing technology is shown in Fig. 1.1 The struts have a circular
cross-section and are made of an isotropic elastic material with
Young modulus E and Poisson ratio m. They can undergo deforma-
tions of stretching, bending and torsion. The corresponding
cross-sectional parameters are area A, moment of inertia I and polar
moment of inertia Jp. Square faces of the lattice are assumed to be
parallel to the coordinate planes of a global Cartesian system
ðXYZÞ; consequently, hexagonal faces belong to octahedral planes.
It will be convenient to use the crystallographic notation in terms
of which the considered microstructure forms a bcc lattice with
square faces in f100g planes and hexagonal ones in f111g planes.
In contrast to homogeneous materials, a crack in a periodic cel-
lular material can propagate in several speciﬁc planes deﬁned by
the material microstructure. For two-dimensional cellular materi-
als this phenomenon was observed by Lipperman et al. (2007a)
and the location of most dangerous planes for the Kelvin foam con-
sidered in the present study was determined by Kucherov and Ryv-
kin (2012). It has been found that independently of the applied
tensile loading direction, in a broad range of material densities
the crack-like ﬂaw appears at the crystallographic planes f101g
only. Therefore, in the present paper the fracture properties for this
type of planes are examined, and a crack in the plane ð011Þ is con-
sidered (see Fig. 2). The crack of length 2a is formed by a number of
broken struts normal to this plane, and its front is parallel to X-axis.
Consequently, in the case of uniform remote loading the problem
possesses translational symmetry deﬁned by the lattice vector
e ¼ f2
ﬃﬃﬃ
2
p
l;0;0g. In addition, since plane strain deformation with
ex ¼ 0 is considered, the planes which are perpendicular to the
X-axis and pass through the square faces are the planes of mirror
symmetry. Therefore, the crack problem can be formulated for a
slice of foam
ﬃﬃﬃ
2
p
l thick bordered by a pair of such planes indicated
in Fig. 2 by dashed lines. The nodes located in these planes have
zero displacement in X-direction and zero rotations about the Y
and Z axes.
If the slice undergoes Mode I (Mode II) deformation, then for a
crack of sufﬁciently large length
a  l ð3Þ
embedded in a slice of sufﬁciently large size L
L a ð4Þ
the fracture toughness can be found from the formula (Ashby, 1983)
KICðIICÞ ¼ rc
ﬃﬃﬃﬃﬃﬃ
pa
p
: ð5Þ
where rc is the critical value of the applied uniform remote tensile
(shear) stress under which the strut failure condition (2) is fulﬁlled.
3. Beam lattice with failed struts
A crack in a cellular material is a plane ﬂaw produced by a num-
ber of broken elements. Thus, using a beam lattice model one has
to obtain the solution for the portion of a lattice with several
removed struts. The volume of required calculations may be re-
duced signiﬁcantly by using the ﬁnite discrete Fourier transform.
The stipulations for its application are the microstructure periodic-
ity, which allows to view the lattice as an assemblage of identical
cells, and the continuity of the forces and the displacements at
the interfaces between the neighboring cells. The violation of these
conditions is circumvented by presenting the solution as a super-
position of two solutions for the undamaged lattice. The ﬁrst one
is the periodic solution for the lattice subjected to the remote
(a) (b)
Fig. 1. Open cell Kelvin foam material (a) and its cubic repetitive cell (b). Red, green and blue colors indicate struts parallel to the planes ðXYÞ; ðXZÞ and ðYZÞ, respectively. (For
interpretation of the references to colour in this ﬁgure caption, the reader is referred to the web version of this article.)
Fig. 2. The crack plane location (a), and the front view on the slice of the foam with the crack (b).
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out application of the discrete Fourier transform. The second one is
the solution for the lattice with stress free outer boundaries which
is subjected to ﬁctitious self-equilibrated generalized forces ap-
plied at the extremities of the struts to be removed. Then, if the
struts are located sufﬁciently far from the boundaries, the bound-
ary displacements are negligibly small and, consequently, the con-
tinuity conditions between opposite boundaries are met and the
ﬁnite discrete Fourier transform is applicable. The procedure is
completed by adjusting the amplitudes of the ﬁctitious forces in
order to a null the internal forces acting on the corresponding
nodes after superposition. The above approach was successfully
implemented in the study of crack nucleation in the Kelvin foam
(Kucherov and Ryvkin, 2012). Additional examples of the use of
the discrete Fourier transform for the solution of fracture problems
for discrete and continuous periodic elastic systems can be found
in Ryvkin (2008), Lipperman et al. (2007a,b), Fuchs et al. (2004),
Slepyan and Ayzenberg-Stepanenko (2004) and Ryvkin and Aboudi
(2007).
Assume that a crack-like ﬂaw produced by N missing (broken)
struts oriented in ½011 direction is located in the central part of
the slice l
ﬃﬃﬃ
2
p
=2 < X < l
ﬃﬃﬃ
2
p
=2;L < Y < L;L < Z < L subjected to
a remote loading. It is supposed that condition (4) is fulﬁlled, sothat the inﬂuence of the ﬂaw on the stress–strain state at the
boundaries is negligibly small. The remote stress state in the con-
sidered plane strain problem is deﬁned by the two-dimensional
averaged stress tensor r0 ¼ frYY ; rZZ ; sYZg.
Similar to the 2D case of a crack in a honeycomb (Lipperman
et al., 2007b) the solution of this problem is sought in the form
of superposition of 3N þ 1 solutions for undamaged lattice
U ¼ U0 þ
X3N
i¼1
CiUi; ð6Þ
where U0 is the periodic solution for the pristine lattice deﬁned by
r0;Ui are the unit force solutions generated by the forces applied to
the extremities of the struts to be removed, and Ci are the unknown
coefﬁcients. The values of Ci are to be chosen from the condition
that the internal forces applied to the lattice by the N struts to be
‘‘removed’’ vanish. Since all these struts belong to the planes of mir-
ror symmetry at the slice faces, three of six internal resultants are
identically zero and this condition can be symbolically be presented
as follows
Ni ¼ 0; Mi ¼ 0; Vi ¼ 0; i ¼ 1;2; . . . ;N: ð7Þ
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respond to the struts stretching and bending in the planes perpen-
dicular to the X-axis. Thus, there are 3N degrees of freedom to be
‘‘released’’ and system (7) has the form
MCþ F0 ¼ 0: ð8Þ
Here C ¼ fC1;C2; . . . ;C3Ng is the vector of unknown coefﬁcients,
M is 3N  3N matrix composed of 3N vectors of internal forces gen-
erated by the unit force solutions which will be speciﬁed below
and F0 is the 3N-component vector of internal forces in the peri-
odic solution U0.
Forces and moments in the struts in the periodic solution U0 in
(6) for the undamaged Kelvin foam represent the localization of the
averaged stress ﬁeld r0. They can be derived by the use of the re-
sults of Zhu et al. (1997) or Warren and Kraynik (1997); in the
present investigation the latter work was employed. The derivation
of the unit force solutions entering (6) is complicated by the fact
that in order to address such a multiscale problem satisfying the
conditions (3) and (4) one has to consider a system with a very
large number of nodal degrees of freedom where direct numerical
modeling leads to heavy calculations. Therefore, these solutions
are derived by the use of the discrete Fourier transform – based
representative cell method as shown in the next section.4. Unit force solutions
As it was mentioned, the struts to be removed belong to the
mirror symmetry planes at the slice faces, and in order to fulﬁll
condition (7) one has to consider three linearly independent self-
equilibrated loadings applied to the nodes at the strut ends
(Fig. 3(a)). This approach is based on the description of a frame ele-
ment as an assembly of three parallel generalized truss elements
(Fuchs, 1992). Fig. 3(b) illustrates the application of one of these
loadings to the slice. The unit force solution represents the re-
sponse of the slice to one of three loadings when at its remote
boundaries parallel to X-axis the stresses vanish and at the planes
X ¼ l=
ﬃﬃﬃ
2
p
there is sliding contact (i.e., shear stresses are zero and
normal displacement is absent). Since the crack is located in the
middle part of the slice, far from the boundaries, 3N unit force solu-
tions for N struts crossed by the crack can be obtained from the
three solutions for a single strut by shifting the corresponding
stress ﬁelds.
The slice is viewed as an assemblage of ð2M þ 1Þ2 identical cells
obtainedby a translationof the representative one (Fig. 4) consisting(a) (b)
Fig. 3. Self-equilibrated loadings generating the unit force solutions (of16 struts connecting14nodes. Thenodenumberingwhich is iden-
tical for all cells is presented in Fig. 4(a) and (b). In a local coordinate
system x; y; z related to a cell it occupies the region

ﬃﬃﬃ
2
p
l=2 6 x 6
ﬃﬃﬃ
2
p
l=2;
ﬃﬃﬃ
2
p
l 6 y 6
ﬃﬃﬃ
2
p
l;
ﬃﬃﬃ
2
p
l 6 z 6
ﬃﬃﬃ
2
p
l. The vector
of translation t can be expressed by the use of lattice vectors
eY ¼ f0;2
ﬃﬃﬃ
2
p
l; 0g and eZ ¼ f0;0;2
ﬃﬃﬃ
2
p
lg parallel to Y and Z axes,
respectively,
t ¼ k1eY þ k2eZ ; k1; k2 ¼ 0;1;2; . . .M ð9Þ
and overall size of the slice including ð2M þ 1Þ  ð2M þ 1Þ cells is
L ¼ 2
ﬃﬃﬃ
2
p
lð2M þ 1Þ. Consequently, the identity of any node or strut
in the slice is deﬁned by the vector index
k ¼ fk1; k2g; k1; k2 ¼ 0;1;2; . . .M; specifying the cell and a sca-
lar index running from 1 to 14 for the nodes and from 1 to 16 for the
struts giving the location of a corresponding element within the
cell. The mirror symmetry plane nodes 1,2,3,4,10,11 and
5,6,7,8,9,12 at the faces x ¼ 
ﬃﬃﬃ
2
p
l=2 and x ¼
ﬃﬃﬃ
2
p
l=2, respectively,
have one rotational degree of freedom about the x-axis and two
translational ones in y and z directions. The corresponding general-
ized displacements are ukj ¼ fhkjx; vkjy; wkjzg; j ¼ 1;2; . . . ;12. On the
other hand, the inner nodes 13 and 14 have six degrees of freedom,
and, consequently, their generalized displacements vectors have six
components ukj ¼ fhkjx; hkjy; hkjz; ukjx; vkjy; wkjzg; j ¼ 13;14 and vector
uk ¼ fuk1 ; . . . ;uk14g deﬁning the stress state of a cell has
12 3þ 2 6 ¼ 48 components. It is convenient to split the corre-
sponding generalized forces into vector Pk ¼ fpk1 ; . . . ;pk14g deﬁned
by the known external forces applied to the slice and vector
Fk ¼ ffk1 ; . . . ; fk14g of the unknown contact forces applied to a cell k
at the four interfaces between the neighboring ones
y ¼ 
ﬃﬃﬃ
2
p
l; z ¼ 
ﬃﬃﬃ
2
p
l. Consequently, for the non-interface nodes
the latter forces are absent fkj ¼ 0; j ¼ 3;4;5;6;13;14. Thus, the
equilibrium equations for the slice can be presented in the form
Kuk ¼ Pk þ Fk; k ¼ fk1; k2g; k1; k2 ¼ 0;1;2; . . .M; ð10Þ
where K is the 48 48 stiffness matrix independent from k, which
is assembled from the 16 strut matrices by a standard procedure.
Note, that eight struts ej; j ¼ 1;2; ::;8 lying at the slice faces
x ¼ l
ﬃﬃﬃ
2
p
=2 are cut by the mirror symmetry planes and, conse-
quently, have cross section area A=2 and bending stiffness J=2. It
is assumed that the unit force solution is generated by the loading
applied at one of the struts in cell k ¼ f0; 0g, say strut 3-4 (see
Fig. 4(a)). Then, for example in the case of axial loading (seea), and scheme of the application of one of them to the slice (b).
(a) (b)
Fig. 4. The representative periodic cell with local coordinate system xyz for the slice of Kelvin foam. General view (a) and projection on the plane xz (b). Colors denote the
struts parallel to the different coordinate planes. (For interpretation of the references to colour in this ﬁgure caption, the reader is referred to the web version of this article.)
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14;p0;03 ¼ f0;
ﬃﬃﬃ
2
p
=2;
ﬃﬃﬃ
2
p
=2g, p0;04 ¼ f0;
ﬃﬃﬃ
2
p
=2;
ﬃﬃﬃ
2
p
=2g, where dij is
the Kronecker delta. The equilibrium equations are to be completed
by the continuity conditions at interfaces between the neighboring
cells. Introducing the vectors of nodal displacements and the corre-
sponding forces at the boundaries y ¼ 
ﬃﬃﬃ
2
p
l and z ¼ 
ﬃﬃﬃ
2
p
l.
Vk1 ;k2y ¼ fuk2 ;uk9g; F
k1 ;k2
y
¼ ffk2 ; fk9g
Vk1 ;k2yþ ¼ fuk11;uk8g; F
k1 ;k2
yþ
¼ ffk11; fk8g
Vk1 ;k2z ¼ fuk1 ;uk12g; Fk1 ;k2z ¼ ff
k
1 ; f
k
12g
Vk1 ;k2zþ ¼ fuk10;uk7g; Fk1 ;k2zþ ¼ ff
k
10; f
k
7g
ð11Þ
one can write
Vk1 ;k2yþ ¼ V
k1þ1;k2
y
; Fk1 ;k2yþ ¼ Fk1þ1;k2y ;
k1 ¼ M;M þ 1; . . . ;M  1; k2 ¼ 0;1; . . . ;M; ð12Þ
Vk1 ;k2zþ ¼ Vk1 ;k2þ1z ; Fk1 ;k2zþ ¼ Fk1 ;k2þ1z ;
k1 ¼ 0;1; . . . ;M; k2 ¼ M;M þ 1; . . . ;M  1: ð13Þ
In addition, vanishing of the perturbation generated by loading
in cell f0;0g at the outer boundaries Y ¼ L; Z ¼ L yields the peri-
odicity conditions
VM;k2yþ ¼ V
M;k2
y
; FM;k2yþ ¼ FM;k2y ; k2 ¼ 0;1; . . . ;M ð14Þ
Vk1 ;Mzþ ¼ Vk1 ;Mz ; Fk1 ;Mzþ ¼ Fk1 ;Mz ; k1 ¼ 0;1; . . . ;M
Application of the double ﬁnite discrete Fourier transform
gðu1;u2Þ ¼
XM
k1¼M
XM
k2¼M
gk1 ;k2 exp½iðk1u1 þ k2u2Þ; ð15Þ
uj  ujðmjÞ ¼
2pmj
2M þ 1 ; j ¼ 1;2; mj ¼ 0;1;2; . . . ;M
to problem (10)–(14) leads, after some manipulations, to the prob-
lem for the representative cellKu ¼ P þ F; ð16Þ
Vyþ ¼ eiu1V

y
; Fyþ ¼ eiu1Fy ð17Þ
Vzþ ¼ eiu2Vz ; Fzþ ¼ eiu1Fz ð18Þ
with respect to the complex valued displacements and internal
forces transforms. After the solution of this problem for all possible
values u1;u2, i.e., for all m1;m2, the displacements of any node and
forces in elements are obtained by the use of the inverse transform
formula
gk1 ;k2 ¼ 1
ð2M þ 1Þ2
XM
m1¼M
XM
m2¼M
gðu1;u2Þ exp½iðk1u1 þ k2u2Þ:
ð19Þ
Note, for case u1 ¼ u2 ¼ 0, the boundary conditions (17) and
(18) turn into the conditions of periodicity and system (16)–(18)
becomes singular due to existence of arbitrary rigid-body motion
in the solution. Therefore, in this case an additional condition elim-
inating rigid-body motion is adopted. The values of the 3N internal
resultants generated by a unit force system in the N struts to be
removed form one column in matrix M in (8). This procedure is
to be carried out for all the three unit force systems (see
Fig. 3(a)) applied to the N struts thus producing the entire matrix
M. Fortunately, thanks to the symmetry of the Kelvin foam micro-
structure it is sufﬁcient to evaluate just three solutions for one
strut and the rest can be found by shifting the obtained stress
states. After evaluation of matrix M one can determine the un-
known coefﬁcients Ci and, using (6), the internal forces in any strut
of the cracked slice subjected to a uniform remote loading.
5. Crack length analysis
A necessary preliminary step in the fracture toughness evalua-
tion from the solution of a problem for a ﬁnite length crack embed-
ded into cellular material is the crack length study. The question to
be answered is what is the minimal number of cells to be crossed
by a crack which generates the self-similar stress ﬁeld in its tip
vicinity. In the case of honeycombs it was found (Lipperman
et al., 2007b) that the resulting minimal crack length may depend
Fig. 5. The near-tip stress concentration for different crack lengths (mixed mode
deformation).
Fig. 6. Dependence of the normalized tip-stress upon the crack length.
Fig. 7. The near tip stress ﬁeld for a long crack embedded in the slice for Mode I
deformation. Thickness of each element is shown proportional to the value of
maximal axial tensile stress. The inset denotes the equivalent stress distribution for
the corresponding crack problem in homogeneous elastic plane.
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the length value bound which will be valid for both Mode I and
Mode II cracks the mixed mode is employed. This mode corre-
sponds to uniaxial tension along the Z-axis with the remote load-
ing r0 ¼ f0;rr ;0g as illustrated in the inset in Fig. 5.
First the stress concentration near the crack-tip for relatively
short cracks with 2a=l 6 50 is illustrated. A foam with strut diam-
eter D ¼ 0:15 l is considered. The relative density of open-cell Kel-
vin foam composed of struts of length lwith cross-section A is (Zhu
et al., 1997)
q ¼ 3A
2
ﬃﬃﬃ
2
p
l2
ð20Þ
and for the considered case q ¼ 0:0198. The stress concentration is
characterized by a ratio of the applied stress rr to the maximal
stress in the ﬁrst unbroken strut rt in front of the crack. In Fig. 5
the dependence of this ratio upon the normalized crack length is
presented. Since breaking of a strut corresponds to the crack ad-
vance to the value l the crack normalized length is equal to the
number of the broken struts. Note, that the considered stress ratio
is equal to the ratio of the allowable remote stress to the tensile
strength of the material
rr
rt
¼ rc
rf
: ð21Þ
Consequently, the ﬁrst point for 2a=l ¼ 0 corresponds to the tensile
strength of the undamaged foam for the considered f001g loading.
This value is found to be about 103 times less than that for the par-
ent solid material. Another result which can be learned from the
comparison of the ﬁrst two points in the graph is that the breaking
of a single strut leads to approximately 70 percent decrease of the
foam strength. The non-monotonic saw-like behavior of the stress
ratio for further crack length increase is due to the fact that there
are two different types of the crack tip locations with respect to
the material microstructure. In one case the ﬁrst unbroken strut be-
longs to the same face of the slice as the last broken one and in the
second case it is at the opposite face.
At the second step a study of the crack length bound providing a
self-similar near-tip stress distribution is conducted by addressing
relatively long cracks including several hundreds of broken cells.
The control of the self-similarity is carried out by detecting theproportionality of the crack-tip stress ﬁeld to the square root from
the crack length. The dependence of the ratio rr
ﬃﬃﬃﬃﬃﬃ
pa
p
=rt
ﬃ
l
p
upon the
crack length is analyzed. The graphs for foams with
D=l ¼ 0:05;0:1;0:15 are presented in Fig. 6. It is seen that the ratio
becomes stable for the crack produced by at least 250 broken
struts. Note, this number signiﬁcantly exceeds the corresponding
value employed in the 2D case of honeycombs (see Gibson and
Ashby (2001) and Lipperman et al. (2007b)). Consequently, the
length of cracks used in the following fracture toughness analysis
is taken to be 2a=l ¼ 400.
6. Mode I and Mode II fracture toughness
In accordance with condition (2), the crack length 2a=l ¼ 400
adopted for the fracture toughness analysis requires to consider
an elastic system (the slice) of a relatively large size. Numerical
experiments have shown that the ratio of the slice size to the crack
446 L. Kucherov, M. Ryvkin / International Journal of Solids and Structures 51 (2014) 440–448length L=a ¼ 40 provides sufﬁcient accuracy and it was used in the
present investigation. The self-similar stress distribution in the
near-tip struts for the Mode I deformation of the slice is illustrated
in Fig. 7, where the thickness of each strut is shown proportionally
to the maximal tensile stress. The obtained distribution can be con-
strued as the K-ﬁeld of the problem. It should be noted that this
ﬁeld does not possess so-called force-chains appearing in the vicin-
ity of cracks in two-dimensional stretch-dominated triangular and
kagome cellular materials (Lipperman et al., 2007a). This force-
chains phenomenon was also observed in discrete elastic granular
systems characterized by an increased stiffness in speciﬁc direc-
tions (Goldenberg and Goldhirsh, 2002). The absence of force-
chains in our case can be explained by stress ﬁeld smoothing in
the considered bending-dominated foam. Interestingly, the lines
of same maximal stress are quite similar to the lines of constant
equivalent stress in the vicinity of a crack in homogeneous elastic
material (see inset).
For the adopted crack length and slice size the total number of
nodal degrees of freedom (6 	 108) is rather large. Consequently,
using a standard (i.e., ﬁnite element) direct approach for the para-
metric study of the problem would be a quite heavy computational
task. The present analysis method allowed to reduce the volume of
calculations addressing the same elastic system with the same
number of degrees of freedom. This is achieved by replacing the
analysis of considered elastic system with large number degrees
of freedom by multiple analysis of its representative cell having
48 degrees of freedom only. The fracture toughness is evaluated
by formula (5) through the value of the remote critical stress. To
this end it should be noted that, strictly speaking, since in a cellular
material the stresses in front of the crack are not singular, the
application of uniform loading at inﬁnity and at the crack faces
in the fracture toughness problem are not equivalent. However,
for the adopted crack length the results presented in Fig. 5 show
that the ratio of the stress in undamaged foam to the stresses in-
duced by the crack is negligibly small, and, consequently, it does
not matter where the uniform loading is applied. The dependence
of the normalized fracture toughness(a)
(b)
Fig. 8. Dependence of the Mode I and Mode II fracture toughnesses of the Kelvin
foam upon its relative density (a) and ‘‘crack arresting situation’’ for Mode II (b).K^C ¼ KC
rf
ﬃﬃﬃﬃﬃ
pl
p ¼ rr
ﬃﬃﬃ
a
p
rt
ﬃﬃﬃﬃﬃ
pl
p ð22Þupon the foam relative density for both fracture modes is depicted
in Fig. 8. The results obtained for Mode I meet the theoretical
prediction (1). Namely, the curve in the graph is close to the straight
line with inclination 3/2: for the considered densities 0:67103 6
q 6 0:56102 the inclination d ¼ tana is 1:46 < d < 1:51. Conse-
quently, as in the case of effective elastic properties, in spite of
the regularity of the Kelvin foam, study of its fracture behavior
can provide valuable information on the fracture of arbitrary disor-
dered open-cell materials addressed in Ashby (1983) andMaiti et al.
(1984). The observed similarity in the behavior of Kelvin and actual
foams is, probably due to the fact that both are bending dominated
cellular materials.
A crack in the solid material subjected to a uniaxial loading per-
pendicular to its plane propagates, as a rule, straight-linearly, along
the KII ¼ 0 path. The complex microstructure of periodic cellular
material characterized by bending sensitive beam-like elements
changes the situation and rather often a kinking phenomenon is
observed. In this case the strut with maximal stress in the crack
tip vicinity does not belong to the crack plane. This effect was de-
tected in the analysis of bending dominated hexagonal honeycomb
(Ryvkin et al., 2004) and it appears that for the considered Mode I
crack in the Kelvin foam it also takes place.
Contrary to solid materials and random cellular materials, peri-
odic cellular ones allow self-similar Mode II crack propagation and,
therefore, the fracture toughness for this deformation mode is also
to be addressed. It appears that unlike the Mode I case there is no
kinking and the strut with a maximal stress is located in front of
the crack in the crack plane. It is interesting to note that the struts
breaking order is somewhat unexpected: the strut with maximal
stress is not always the closest one to the crack tip. Consequently,
the most favorable for the crack arrest situation deﬁning the frac-
ture toughness is as it is shown in Fig. 8(b). A similar phenomenon
of non-monotonic crack tip advance was observed by Slepyan and
Ayzenberg-Stepanenko (2002) for a Mode II crack in two-dimen-
sional triangular spring lattice. The type of the dependence of the
Mode II fracture toughness upon the relative density is also found
to be close to the theoretical prediction (1) for Mode I, that is, for
slopes 1:45 6 d 6 1:49.
For reference the results obtained by Romijn and Fleck (2007)
for the fracture toughness of cubic cell 3D lattice with a crack
perpendicular to one family of struts are shown in Fig. 8 by the
dashed lines. For this lattice the value of d is signiﬁcantly lower
than 3/2 (d ¼ 1 for Mode I and d ¼ 1:25 for Mode II). The more
moderate dependence of the fracture toughness upon the density
change can be attributed to the fact that, contrary to bending dom-
inated Kelvin foam, cubic cell lattice is stretch-dominated, and,0 0.2 0.4 0.6 0.8 1
0
0.2
0.4
Fig. 9. Fracture locus for the mixed mode loading. The horizontal and the vertical
axes correspond to the pure Mode I and Mode II, respectively.
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Fig. 11. Variation of the Mode I fracture toughness with the cross-section gyration
radius for the given relative density (q ¼ 0:02). The solid line is the 1st order ﬁt.
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ence on the maximal stress value.
The results for the mixed mode fracture are presented in Fig. 9.
The sensitivity of the fracture resistance of the Kelvin foam with
ð011Þ crack to the direction of the applied loading is shown by
means of the fracture locus in (KI;KII) space. As in the case of hon-
eycombs (Fleck and Qiu, 2007) the failure envelope is piece-wise
linear, and the switch between different straight-linear segments
corresponds to the change of the critical near-tip element carrying
the maximal stress. It is clearly seen that shear loading of the same
amplitude is much more dangerous than the normal one. This poor
resistance of cracked regular cellular material to shear loading was
observed also for honeycombs (Fleck and Qiu, 2007; Lipperman
et al., 2007b).
A comparison of the Mode I fracture toughness of the consid-
ered Kelvin foam with experimental data is given in Fig. 10. The
results for rigid polymeric foams obtained by different authors
and summarized in Ashby (1983) and Gibson and Ashby (2001)
are indicated by the dashed line corresponding to formula (1).
The data for the three types of open-cell ceramic alumina obtained
by Brezny and Green (1989) are speciﬁed in detail. The authors
reported that for the alumina-mullite material the inclination of
the ﬁtting line is close to the theoretical value 3/2, as for the case
of polymeric foams, and other materials give somewhat higher
values. The values of the normalized fracture toughness for the
perfectly periodic Kelvin foam are between the data for the actual
polymeric and ceramic ones. The obtained result agrees with the
simple theoretical model predicting power 3/2 for the toughness-
density dependence.
The manufacturing of brittle ceramic foams with regular
(Ortona et al., 2012) as well as random microstructure (Brezny
and Green, 1989) is based on a replication procedure during which
the polymer substrate is burned out and strut-like elements of
foam become hollow. Consequently, the investigation of the inﬂu-
ence of the holes size on the fracture properties of foam is of inter-
est. To this end the Kelvin foam composed of tube-like elements
with a ring cross-section is examined. The ring size is characterized
by the radius of gyration rg
rg ¼
ﬃﬃﬃ
I
A
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ r2
p
2
; ð23Þ
where I is the secondmoment of area of the cross-section, and R and
r are the outer and the inner radii of the ring, respectively. The
dependence of the fracture toughness upon the normalized radius
of gyration for a ﬁxed value of the relative density (q ¼ 0:02) isFig. 10. Mode I fracture toughness for the Kelvin foam and experimental results for
the actual disordered ones. The dotted line is the extrapolation of the obtained
results for the higher densities.presented in Fig. 11. The normalization is performed by the use of
value r0g corresponding to a full cross-section (r ¼ 0; r0g ¼ R=2). As
expected, the fracture toughness increases with the gyration radius
due to increasing bending resistance of individual struts and the
dependence is found to be well-ﬁtted by a linear function
K^ ¼ 1:29 rg
r0g
 0:42
 !
103: ð24Þ
Using these results one can quantify the improvement of the
fracture properties. For example, a ring cross-section for which
the radius of gyration is doubled with respect to the case of a full
circle leads to a 2.5 times increase of the fracture toughness.
7. Concluding remarks
Since the pioneering work of Ashby (1983) which provided the
estimation of brittle fracture behavior of open-cell foam materials
most research was concentrated on the experimental investigation
of the phenomenon. Little attention has been directed to theoreti-
cal modeling, probably due to the fact that even for perfectly
periodic foams the computational cost of the fracture toughness
evaluation remains high. The results were obtained only for stretch
dominated foam with cubic cells. Actual random cells are bending
dominated, therefore the goal of the present study was the theoret-
ical investigation of a perfect bending dominated foam and for this
purpose the open-cell Kelvin foam was chosen. Unlike in a random
foam, a crack in a perfect one may propagate in the speciﬁc planes
deﬁned by the symmetry of the material microstructure and the
plane of the crack employed in the fracture analysis was taken
on the basis of previous studies of crack nucleation (Kucherov
and Ryvkin, 2012). The numerical experiments carried out in the
present study have shown that a uniformly loaded ﬁnite length
crack generates a self-similar stress ﬁeld in its vicinity only if it
crosses at least 250 cells which is signiﬁcantly more than for the
case of two-dimensional cellular materials. Consequently, the slice
of the beam lattice material with an embedded crack used for the
fracture toughness analysis has a huge number of nodal degrees of
freedom. The representative cell method employed for the analysis
allowed to resolve the computational problem. This method is
based on the discrete Fourier transform and takes advantage of
the translational symmetry of the material microstructure. It is
448 L. Kucherov, M. Ryvkin / International Journal of Solids and Structures 51 (2014) 440–448found to be an efﬁcient tool for the study of perfectly symmetric
cellular materials with ﬂaws. The extension of the method to ran-
dom cellular material seems to be a natural next step in the topic.
The dependence of the Kelvin foam fracture toughness upon the
relative density for both in-plane fracture modes can be approxi-
mated by the formula
KC ¼ rf C0
ﬃﬃﬃﬃﬃ
pl
p
qd ð25Þ
where C0 – is a mode depending constant, and power d differs by
less than 2% from 3/2 for both fracture modes. This result conforms
with the known theoretical estimation and the experimental data
for Mode I fracture toughness of actual disordered foams. It is
worthwhile to note that most of the experiments were conducted
for foams with relative densities larger than 0.08 for which
employing Euler beam elements in Kelvin foam model becomes
questionable. Nevertheless, the similarity of the fracture toughness
dependence upon the foam density in the present model and in
experiments indicates that the study of open-cell Kelvin foam
fracture behavior can provide valuable information regarding the
fracture of actual disordered foams. To this end the inﬂuence of
the strut cross-section shape on the foam fracture properties was
examined and it was found that for a given relative density the frac-
ture toughness is proportional to the radius of gyration.
An additional reason for the study of foams with perfect Kelvin
foam geometry is given by recent technological advances in brittle
ceramic foams manufacturing by rapid prototyping and replica-
tion. The microstructure of these foams is perfectly periodic and,
therefore, for certain parameter combinations Mode II fracture
may take place. The analysis of the failure envelope for the mixed
mode loading has shown that fracture toughness for Mode II is sig-
niﬁcantly less than for Mode I. This phenomenon of poor Mode II
fracture resistance of perfect cellular materials is related to the
bending of the elements in front of the crack, which is caused by
the shift of the crack faces, and is well documented in the case of
honeycombs.
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